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2mix of eld and metric uctuations in an arbitrary gauge
[10], where as the tensor modes are purely metric.
It is not clear that a short-distance cuto will aect
uctuations of the metric in the same way as uctua-
tions in an arbitrary scalar eld. However, general co-
ordinate invariance implies that we can transform (for
example) to a gauge in which even the scalar uctua-
tions are purely \metric", and if this property is pre-
served at short distances then the eect of new physics
on the scalars and tensors should be identical. Even in
the existing literature, metric (gravitational wave) uc-
tuations can be treated as a generic scalar eld at short
distances. This is also reasonable, but not inevitable.


































where a is the scale factor, the prime denotes dieren-




































When evaluating the derivatives of v
~
k
with respect to ,
we are holding
~
k (and not the usual comovingmomentum
k) xed with time. It is therefore convenient to express
 and  in terms of
~
k by introducing the Lambert W












































For ination to occur, we need p > 1.
The cuto is introduced by requiring that 
2
 1=,
motivated by the notions of a minimumdistance in string
theory and the so-called \stringy uncertainty principle"
[13]. Fluctuations with comoving wavenumber k reach
the cuto 
2





















where the implicit denition of 
0
comes from setting
a(t) = 1 when t = 1, and t is the usual physical time.
Writing  = 
k
(1  y) in order to extract the k depen-











































In the de Sitter case, k can be eliminated from equation
of motion, but this cannot be done here. During power-
law ination, dierent modes sample a dierent value of
the Hubble constant as they cross the horizon, and this
will be reected in the scale-dependent modications to
the spectrum we will observe. Despite this, our analysis
of the de Sitter case [8] can easily be adapted to the
power-law problem.
When  =  1=e, W () has a branch point [12]. Phys-
ically, this is the moment when y = 0 and  = 
k
and
the uctuation with wavelength k is \created". As in [8],



































































is the second Hankel function, C and D
















































If D 6= 0, the spectrum never approaches the exact
power-law form, and we thus make the \minimal" vac-
uum choice that D = 0. Setting q =  1 reproduces the
de Sitter result, after reconciling the normalization fac-
tors. We solve the mode equations numerically [8, 11]
and match the numerical solution to the approximate
analytical form, including sub-leading corrections, near
y = 0. We obtain the scalar spectrum by solving the
mode equations for multiple values of k, and then ex-





























where we have obtained the scalar spectrum from the
tensor one, as outlined above.
The spectrum is only well dened if the ratio of the
minimumlength (
p
) is less than the horizon size (1=H),
or
p
H is less than unity. The critical mode, 
crit
, that
crosses the horizon at the moment when
p




























FIG. 1: The scalar spectrum, P
1=2
s
(k) is plotted against k,
with
p
 = 100 and p = 100, where k = 1 corresponds to k
crit
.
The standard power law spectrum is plotted for comparison
(smooth line).
For large values of p, 
crit
is enormous. This reects the
massive amount of ination that takes place between the
Planck time (t = 1 in natural units) and the moment at
which
p
H = 1; the numerical value of k can always be
rescaled by redening a
0
, the value of a when t = 1.
Fig. 1 shows the spectrum for the longest modes, with
p = 100. There is a large modulation in the spectrum,
corresponding to the slow decrease in H as the universe
evolves. However, these modes have a much larger am-
plitude than those contributing to the CMB power spec-
trum and structure formation. Fig. 2 displays the spec-
trum with p = 500 and a \window" of k values with
amplitudes of the same order as the modes which are
the precursors to structure formation. We have not care-
fully normalized this spectrum (which requires assump-




any signal of trans-Planckian physics is much smaller
than the uncertainty in currently available data. In-
stead we assume that 10
 6
. T=T . 10
 5
, which













The standard power-law spectrum is modulated by an
\oscillation" whose amplitude and wavelength depend on
both the fundamental length
p
 and the power-law pa-
rameter, p. The oscillations are attributable to successive
modes undergoing increasing numbers of periods between
the initial time and horizon exit, with a full extra period
corresponding to a single oscillation in the spectrum.
The amplitude and period (in logk) of the oscillations





dicted by fundamental theory, but from our perspective
here it is a free parameter. If
p
 is identied with the
string scale, it could conceivably be two orders of magni-
tude longer than the Planck length, and we use this value
in the numerical plots. Observationally, the key parame-
ter is the ratio of the fundamental length to the Hubble















FIG. 2: The top plot plots P
1=2
s
(k) against k for
p
 = 100
and p = 500, and with the straight line showing the stan-
dard power-law result. The modulation of the spectrum has
an amplitude of 0:4% of the overall signal. The bottom plot
shows the percentage change in the C
l
values (plotted against
l) computed from this spectrum, relative to the spectrum cal-
culated in the absence of a fundamental length.
radius
p
H. In power-law ination (and any other non
de Sitter model) H is a slowly changing parameter. The
observationally relevant range of H is xed by the am-
plitude of the power spectrum, which is deduced from
observations of the CMB and large scale structure.
The rate of change of H is determined by p, and as p
increases the wavelength of the uctuations in the spec-
trum increases while their amplitude goes down. This ac-
cords with our physical understanding of the oscillations:






increasing p. Thus the wavelength of the oscillations (in
logk) increases with p, since H at horizon exit changes
more slowly with k at larger p . The variation in the am-
plitude arises because we are eectively holding H xed
at horizon exit, but H(
k
) decreases as p is increased.
Consequently, the eective value of H
2
for a given mode
decreases as p is increased, which accounts for the p de-
pendence of the amplitude of the oscillations. The os-
cillations do not vanish as p becomes arbitrarily large,
although their wavelength becomes arbitrarily long, and
we approach the de Sitter limit where the spectrum is
shifted by a constant multiplicative factor.
4In Fig. 2, p = 500 the spectrum is almost at, and the
C
l
values that would be measured by CMB experiments
are modied by between :5 and 1%. A signal of this
size lies at the limits of detectability, even with ideal
experiments, and would be swamped by cosmic variance
at all but the largest values of l. Existing constraints
on the spectral index put a weak lower bound on p of
around 20. With this value, the oscillations' wavelength
is so short that the resulting spectrum appears to include
a random noise term when plotted over the range of k
values relevant to structure formation.
Despite the extreme challenge and perhaps near impos-
sibility of detecting an eect of this size for reasonable
values of , the conclusions of this letter are still much
more optimistic than we might have otherwise expected.
First, and in accord with our previous de Sitter calcula-
tion, we nd that the magnitude of the modication to




, where n appears
to be slightly smaller than 1=2. This disagrees with [7],
in which it is argued that n is roughly unity. However,
[7] relies on a WKB approximation to the mode equa-
tion and chooses the vacuum to be the purely \ " WKB
solution. We have decomposed our numerical solutions
into the two WKB solutions at a time when the WKB
approximation holds well, and the actual solution (using
the initial conditions described above and also advocated
by [7]) contains a mixture of both WKB solutions, where





n . 0:5. Thus the pure \ " WKB approximation is
not consistent with these initial conditions, perhaps ex-
plaining why the estimate of [7] for the impact of the
fundamental length on the spectrum is signicantly less
than we nd here.
We have assumed that the minimum length lies some-
what below the Planck scale. While this is justiable
from a stringy perspective, if we had put the fundamental
length equal to the Planck length (
p
 = 1) the eect we
see decreases signicantly. Moreover, there is no guar-
antee that a fundamental length will modify the mode
equations in precisely the manner that we have assumed
here, and our results also hinge on this assumption, which
will ultimately be checked by rigorous calculation in can-
didate unied theories. However, while the eects pre-
dicted here may be too small to be detected in even the
most sophisticated measurements, it is reasonable to be-
lieve that they may be only one or two orders of magni-
tude below the threshold of observability. This stands in
stark contrast to the 16 orders of magnitude between the
Planck scale and conventional accelerator experiments,
and gives us grounds for a modicum of optimism that
astrophysical measurements may one day provide exper-
imental tests of Planck scale physics.
In principle existing CMB measurements put experi-
mental restrictions on a portion of the (; p) plane. Given
the accuracy of current data, the constraints on  would
be extremely weak, and we have not performed this calcu-
lation. As CMB data and surveys of Large Scale Struc-
ture (and our ability to work backwards from the ob-
served to the primordial spectrum) improve, it may be-
come possible to place meaningful restrictions on short
scale physics using astrophysical and cosmological data.
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